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+C:1+66)%/!(+:+/()/;!%/!,-+!/&D5+1!%7!)/6,1&D+/,6!:1+6+/,+(!)/!.!;)9+/!6%)'!
'.K+163!#7!%/'K!,$%!)/6,1&D+/,6!.1+!.9.)'.5'+G!7)16,!%1(+1!+C:1+66)%/G!Pc&.,)%/!"U!)6!
6&),.5'+3!#7!,-+1+!.1+!,-1++!)/6,1&D+/,6G!.!6+8%/(!%1(+1!+C:1+66)%/G!Pc&.,)%/!""!
8./!5+!&6+(G!$-)8-!;)9+6!.!5+,,+1!+6,)D.,)%/3!

! 

" =
u2 # u1
z2 # z1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

2UJRNHYQ%"A%



! "L!

! 

"(zi) = (ui+1 # ui)
(zi # zi#1)
(zi+1 # zi)

+ (ui # ui#1)
(zi+1 # zi)
(zi # zi#1)

$ 

% 
& 

' 

( 
) (zi+1 # zi#1)

%%%%%%%%%%%%%

2UJRNHYQ%""%

=-+.1!6,1+66>6,1.)/!'%%:!8./!5+!:'%,,+(!.7,+1!6,1+66!./(!6,1.)/!.1+!%5,.)/+(!./(!
6-+.1!D%(&'&6!8./!5+!+9.'&.,+(!5K!+C.D)/)/;!,-+!;1.()+/,!%7!,-+!:'%,3!Q-+!D%6,!
1+').5'+!D+,-%(!%7!7)/()/;!1+:1+6+/,.,)9+!D%(&'&6!)6!,%!+9.'&.,+!,-+!()77+1+/8+!
5+,$++/!D.C)D&D!./(!D)/)D&D!6,1+66!.::')+(!./(!,-+!()77+1+/8+!5+,$++/!
D.C)D&D!./(!D)/)D&D!6,1.)/!(+9+'%:+(!)/!,-+!'%%:G!.6!6-%$/!)/!,-+!(.6-+(!')/+!
)/!R);&1+!]3!!
!
@K!&6)/;!,-+!D+,-%(!(+681)5+(!.5%9+G!@1+//./!+,!.'3!^LUUX_!7%&/(!,-.,!,-+!6-+.1!
D%(&'&6!%5,.)/+(!$.6!.::1%:1).,+!7%1!()77+1+/,!6%)'6!$),-!6%D+!(+;1++!%7!68.,,+1!
)/!(1K!6./(3!Q-+!9.'&+!%7!2D.C!8.'8&'.,+(!71%D!B.1()/!./(!01/+9)8-!^"[]L5_!
+C:1+66)%/!$.6!,%%!6,)77!8%D:.1)/;!,%!,-+!+C:+1)D+/,.'!(.,.3!
!
!
!
!
!
!
!
!
!
!
!
! 3HIJKL%G%=NKLWWCWNKRHQ%MYYX%SYK%R%XRKNHZJMRK%]JMNHCSKLUJLQZ\%

MYROHQI%YS%OK\%WRQO%5KLQQRQ%LN%RM!%E#AA/F%



! "T!

J"?L9?&#K?$%*-"G?%M)9"

Q-)6!6+8,)%/!$)''!(+681)5+!,-+!+C:+1)D+/,.'!.::.1.,&6!./(!)/6,1&D+/,6!&6+(!.6!
$+''!.6!,+6,!:1%8+(&1+6!&/(+1,.*+/!)/!,-+!+C:+1)D+/,!6,.;+3!F''!,-+!.::.1.,&6!./(!
)/6,1&D+/,6!.1+!6+/6),)9+3!Q-+!D)/).,&1+!.)1!-.DD+1!(+681)5+(!)/!T3T3L!)6!
9&'/+1.5'+!,%!'+.*)/;!)7!,-+!.)1!:1+66&1+!)6!6+,,)/;!,%%!-);-3!#/),).'!8-+8*!%/!.)1!
-.DD+1!'+.*.;+!./(!8.')51.,)%/!%7!)/6,1&D+/,6!:1)%1!,%!,-+!+C:+1)D+/,6!.1+!
/+8+66.1K3!

J,!"GD13:"N3E1"I171:356:"

J,!,!"GD3H.7I"53;<1"

Q-+!+C:+1)D+/,6!$+1+!%:+1.,+(!%/!.!">;!6-.*)/;!,.5'+!)/!=8-%7)+'(!?+/,+13!Q-+!
D%,%1!(1)9+6!.!1%,.,)%/.'!6-.7,!$),-!./!%776+,!D.66!,%!;+/+1.,+!8K8')8!'%.()/;!)/:&,3!
F88+'+1.,)%/!%7!,-+!6-.*)/;!,.5'+!8./!5+!8%/,1%''+(!5K!9.1K)/;!,-+!%776+,!%7!,-+!
D.663!Q-+!:+.*!6-.*)/;!,.5'+!.88+'+1.,)%/!)6!8%/,1%''+(!.5%9+!U3";!,%!')c&+7K!,-+!
6%)'!6)D&'.,)/;!,-+!+.1,-c&.*+!'%.()/;!$),-!'.1;+!6-+.1!6,1.)/3!Q-+!6-.*)/;!,.5'+!
$.6!7)1+(!,%!;+/+1.,+!6)/&6%)(.'!$.9+6!.,!LG!TG!W-g!,%!,-+!6%)'!D%(+'3!Q-+!6-.*)/;!
,.5'+!8./!%/'K!;+/+1.,+!6)/&6%)(.'!$.9+6!.,!8%/6,./,!.D:'),&(+G!71+c&+/8K!./(!)/!
%/+!-%1)g%/,.'!()1+8,)%/!.,!%/+!,)D+3!Q-)6!8.//%,!6)D&'.,+!./!+C.8,!+.1,-c&.*+!
6);/.'6!.6!1+.'>,)D+!+.1,-c&.*+6!9.1K!)/!71+c&+/8)+6G!.D:'),&(+6!./(!()1+8,)%/63!!

J,!,8"K.7.350:1"3.:"D3==1:"

Q-+!D)/).,&1+!.)1!-.DD+1!$.6!&6+(!,%!;+/+1.,+!6D.''!6,1.)/!6-+.1!$.9+3!Q-+!.)1!
-.DD+1!&6+(!^.6!6-%$/!)/!R);&1+!`_!)/!,-+!+C:+1)D+/,6!)6!6)D)'.1!,%!,-.,!
(+681)5+(!)/!2%6-!./(!4.(.5-&6-)!^LUUL_!./(!E./(+''!^LU"U_3!#,!8%/6)6,+(!%7!.!
-%''%$!51.66!8K')/(+1!8.::+(!./(!7),,+(!$),-!.)1!:%1,6!.,!5%,-!+/(63!F!:)6,%/!)6!
:'.8+(!)/6)(+!,-+!51.66!,&5+!./(!8./!%/'K!D%9+!)/!'%/;),&()/.'!()1+8,)%/3!Q-+!.)1!
:%1,6!.1+!8%//+8,+(!,%!.!,-1++!$.K!9.'9+G!$-)8-!.8,6!.6!.!6$),8-3!Q-+!9.'9+!)6!
8%//+8,+(!,%!.!1+'.K!5%C3!#,!8%/,1%'6!,-+!%:+/)/;!6)(+!./(!6$),8-)/;!6:++(!%7!,-+!
9.'9+63!F)1!:1+66&1+!.::')+(!,-1%&;-!,-+!.)1!:%1,6!,%!,-+!.)1!-.DD+1!:&6-+6!,-+!
:)6,%/!,%!c&)8*'K!6,%*+!,%$.1(6!%/+!+/(!%7!,-+!8K')/(1)8.'!8.6)/;3!P9+1K!6,1%*+!,-+!
:)6,%/!D.(+!8.&6+6!6-+.1!$.9+!;+/+1.,+(!,%!6&11%&/()/;!6%)'3!=./(!$.6!;'&+(!,%!



! "W!

,-+!6)(+!%7!.)1!-.DD+1!,%!)/81+.6+!,-+!8%&:')/;!5+,$++/!,-+!-.DD+1!./(!
6&11%&/()/;!6%)'63!!
!
!
!
!
!
!

J,8"#7F5:0=175F"

J,8,!"*441<1:6=151:F"

F88%1()/;!,%!E./(+''!^LU"U_G!4P4!.88+'+1%D+,+16!-.9+!;%%(!1+6:%/6+!.,!'%$!
71+c&+/8)+6!$-)'+!:)+g%!.88+'+1%D+,+16!.1+!D%1+!6&),.5'+!7%1!-);-!71+c&+/8)+63!F6!
,-+!6-.*)/;!;+/+1.,+(!$)''!5+!.5%9+!%1!+c&.'!,%!L-gG!:)+g%!.88+'+1%D+,+16!$+1+!
&6+(!)/!,-+!+C:+1)D+/,63!!

J,8,8"96:1"O:1FF0:1"5:37F>041:F"P99%FQ"

"5.1!JJQ6!.1+!&6+(!,%!D+.6&1+!,-+!:%1+!:1+66&1+!;+/+1.,+(!)/!,-+!6%)'63!R1%D!,-+!
(.,.!1+8%1(+(G!),!;)9+6!)/7%1D.,)%/!%/!,-+!+C8+66!:%1+!:1+66&1+!;+/+1.,+(!./(!,-+!
,)D+!,.*+/!7%1!),!,%!()66):.,+3!Q-+!:%1+!:1+66&1+!D+.6&1+(!6-%&'(!/%,!,%!+C8++(!,-+!
1./;+!%7!"5.1!,%!:1+9+/,!(.D.;+6!%7!,-+!)/6,1&D+/,6G!+6:+8).''K!(&1)/;!8.')51.,)%/!
:1%8+663!!

J,J"9:1O3:35.67"62"F6.<"=6>1<"

Q-+!D%(+'6!$+1+!8%/6,1&8,+(!)/!.!1);)(!6,++'!8%/,.)/+1!$),-!()D+/6)%/6!D+.6&1+(!
WUUDD!'%/;G!LUUDD!$)(+!./(!XUUDD!,.''3!Q-+1+!)6!.!;'.66!:'.,+!.,!,-+!71%/,!6%!
,-.,!,-+!6%)'!(+7%1D.,)%/!8./!5+!6++/!8'+.1'K3!4%(+'6!$+1+!8%/6,1&8,+(!5K!:%&1)/;!
(1K!B&6,%/!6./(!71%D!./!%9+1-+.(!D./&.'!6./(!-%::+1G!.6!6-%$/!)/!R);&1+![3!Q-+!
()68-.1;+!1.,+!./(!-+);-,!$+1+!8.1+7&''K!8%/,1%''+(!,%!D.)/,.)/!,-+!&/)7%1D),K!%7!
,-+!6%)'!D%(+'!)/!,+1D6!%7!1+'.,)9+!(+/6),KG!#03!Q-+!()68-.1;+!1.,+!6-%&'(!5+!*+:,!
-);-!7%1!'%%6+!6./(3!Q-+!1+'.,)9+!(+/6),K!%7!,-+!6%)'!$.6!8%/,1%''+(!.,!WU!>XUi!,%!
:1%9)(+!.!')c&+7).5'+!D%(+'3!J1%:+1,)+6!%7!B%6,&/!6./(!&6+(!.1+!6-%$/!)/!Q.5'+!"3!
J1%:+1,)+6!%7!5%,-!D%(+'6G!$-)8-!.1+!()68&66+(!'.,+1!)/!,-)6!1+:%1,G!.1+!6-%$/!)/!
Q.5'+!L3!

3HIJKL%:%6HQHRNJKL%RHK%TR]]LK%



! "X!

J1%:+1,K! +D)/! +D.C! =:+8)7)8!;1.89),KG!26! J+.*!71)8,)%/!./;'+G!"f!
\.'&+! U3XXX! "3U"! L3ZX! TX°!
(RPML%"%4KYXLKNHLW%YS%<YWNJQ%WRQO%ESKY]%5KLQQRQ%LN%RM!%#AA/F%

! +! #0! #fG!^*MjDL_! #G!^*MjDL_!
B%6,&/!6./(!^-%D%;+/+%&6!6.D:'+_! U3]W! W"i! [3T! "[3U!
B%6,&/!6./(!^'.K+1+(!6.D:'+_! U3ZXX! LLi! [3`! "[3Z!
?'.K!^'.K+1+(!6.D:'+_! >! >! [3[! "[3[!
(RPML%#%4KYXLKNHLW%YS%]YOLMW%

J,J,!"9:1O3:35.67"62"D6=6I1760F"F37>"F3=O<1F"
R)16,'KG!.!(+:,-!%7!LUDD!6./(!$.6!:%&1+(!5+7%1+!,-+!.)1!-.DD+1!$.6!:'.8+(!.,!,-+!
8+/,+13!=+8%/('KG!,-+!)/6,1&D+/,6!$+1+!+D5+((+(!$-+/!,-+!:%&1)/;!$.6!
8%/,)/&+(!,%!6:+8)7)8!-+);-,6!./(!,-)6!:1%8+(&1+!$.6!,-+/!1+:+.,+(3!
F88+'+1%D+,+16!$+1+!:'.8+(!)/!.!9+1,)8.'!.11.K!$),-!.!()6,./8+!%7!"UUDD!)/!
5+,$++/!.'%/;!,-+!8+/,1.'!')/+!.5%9+!,-+!.)1!-.DD+1!,%!:)8*!&:!D.C)D&D!6-+.1!
$.9+!6);/.'63!Q-+!%9+1.''!'.K%&,!%7!)/6,1&D+/,6!)6!6-%$/!)/!R);&1+!"U3!R)/.''KG!,-+!
D%(+'!$.6!6.,&1.,+(!5K!)/7)',1.,)/;!$.,+1!71%D!,-+!5%,,%D!,-1%&;-!.!7)',+1!:):+!
'%8.,+(!.,!,-+!5.6+!%7!,-+!5%C3!Q-)6!:1%8+(&1+!/++(6!,%!5+!%:+1.,+(!6'%$'K!,%!.9%)(!
:):)/;!%7!,-+!D%(+'!./(!/%/>&/)7%1D!6.,&1.,)%/3!!
!
!
!
!
!
!
!
!
!
!
!
!

3HIJKL%"A%*[LKTLRO%]RQJRM%WRQO%TYXXLK%
3HIJKL%@%=HOL%[HL^%YS%NTL%MR\YJN%YS%
HQWNKJ]LQNW%



! "Z!

J,J,8"9:1O3:35.67"62"<3C1:1>"F6.<"F3=O<1F"

?'.K!./(!B%6,&/!6./(!.1+!&6+(!7%1!81+.,)/;!,-+!'.K+1+(!6%)'!6.D:'+3!=.D+!.6!
-%D%;+/%&6!6.D:'+G!(1K!B%6,&/!6./(!$.6!:%&1!,%!LLUDD!$),-!)/6,1&D+/,!
+D5+((+(3!F88+'+1%D+,+1!L!$.6!+D5+((+(!)/!6./(!/+.1!,-+!5%&/(.1K!%7!8'.K!./(!
6./(!6%!,-.,!,-+!:1%:.;.,)%/!%7!6-+.1!$.9+!)/!5%,-!6./(!./(!8'.K!8./!5+!+9.'&.,+3!
?'.K!$.6!,-+/!.((+(!,%!,%:!%7!,-+!(1K!6./(!%88&:K)/;!,-+!,%:!"WUDD3!R)/.''KG!,-+!
6.D:'+!$.6!,-+/!6'%$'K!6.,&1.,)%/!&:!,%!,-+!6&17.8+3!Q-+!1+.6%/!7%1!6.,&1.,)/;!,-+!
6%)'!'.6,!)6!,%!:1+9+/,!,-+!6./(!,%!;+/+1.,+!+C8+66)9+!:%1+!:1+66&1+!(&+!,%!,-+!
$+);-,!%7!8'.K!5+7%1+!,-+!6-.*+63!

J,R"%1F5"O:641>0:1F"

Q.5'+!T!6&DD.1)g+6!,+6,!:1%8+(&1+6!(&1)/;!,-+!+C:+1)D+/,3!Q-+!+C8),.,)%/6!$+1+!
8.11)+(!%&,!)/!.!6,+:>5K!6,+:!D.//+13!#,!6-%&'(!5+!/%,+(!,-.,!,-+!D%(+'!)6!/%!'%/;+1!
.,!9)1;)/!6,.,+!)/!Q+6,!T!./(!W!.6!,-+!6.D:'+!)6!(+/6)7)+(!(&+!,%!:1+9)%&6!6-.*)/;!
./(!,-+!1+'.,)9+!(+/6),K!D.K!8-./;+!6');-,'K3!!

(RPML%$%(LWN%XKYZLOJKLW%

!

4TRWL% +JKRNHYQ% 3KLUJLQZ\% .Y]]LQNW%
J1+>,+6,! ! !! • ?.')51.,+!,-+!.88+'+1%D+,+16!./(!"5.1!JJQ6!

• J1+:.1+!6%)'6!,%!6:+8)7)+(!8%D:%6),)%/!./(!1+'.,)9+!!
!!(+/6),K!
• #/6,.''!)/6,1&D+/,6!.,!1+c&)1+(!(+:,-6!
• =.,&1.,+!,-+!6%)'6!6'%$'K!$),-!$.,+1!!

Q+6,!"! "D)/! ! R)1+!.)1!-.DD+1!7%1!+9.'&.,)%/!%7!2D.C!
Q+6,!L! LU6! LBg! • ?%/,)/&+!7)1)/;!.)1!-.DD+1!!

• R)1+!,-+!6-.*)/;!,.5'+!.,!LBg!!
• =,%:!.)1!-.DD+1!.,!.!6+,!%7!,)D+!.7,+1!,-+!6-.*)/;!6,%:6!!

@+,$++/!
6-.*+6!

XD)/! ! O.),!,-+!:%1+!:1+66&1+!,%!()66):.,+!

Q+6,!T! LU6! TBg! E+:+.,!Q+6,!##!5&,!.,!TBg!
@+,$++/!
6-.*+6!

XD)/! ! O.),!,-+!:%1+!:1+66&1+!,%!()66):.,+!

Q+6,!W! LU6! WBg! E+:+.,!Q+6,!##!5&,!.,!WBg!
J%6,>,+6,! ! ! • PC8.9.,+!,-+!5%C!./(!()6:%6+!,-+!6%)'!

• E+8%9+1!,-+!)/6,1&D+/,6!8.1+7&''K!
• E+>8.')51.,+!.88+'+1%D+,+16!./(!JJQ6!
!



! "]!

R"(*%*"*+S)#G#%#'$"*$("T*$(-#$U"
F88+'+1%D+,+16!./(!JJQ6!$+1+!8%//+8,+(!,%!,-+!(.,.!.8c&)6),)%/!6K6,+D6G!
0F=YA.53!F!6.D:')/;!1.,+!%7!WUUU-g!$.6!&6+(!.6!2-%6-!^LUUW_!6&;;+6,+(!,-.,!,-+!
6.D:')/;!1.,+!6-%&'(!5+!D%1+!,-./!,$)8+!,-+!-);-+6,!71+c&+/8K!%7!,-+!;+/+1.,+(!
$.9+63!!Q-+!6')()/;!+77+8,!%88&16!(&1)/;!6%D+!%7!,-+!6-.*)/;!,+6,63!F!7)',+1!(+6);/+(!
$),-!.::1%:1).,+!71+c&+/8K!8-%6+/!6);/)7)8./,'K!1+(&8+6!,-+!()6,&15./8+!71%D!,-)6!
+77+8,!./(!%,-+1!/%)6+63!

!

R);&1+!""!6-%$6!,-+!7)',+1)/;!+77+8,6!%/!.!,K:)8.'!1.$!.88+'+1.,)%/!(.,.!1+8%1(+(!)/!
W-g!6-.*)/;3!0&1)/;!,-+!(.,.!.8c&)6),)%/G!:+)g%>.88'+1%D+,+16!$+1+!&6+(!,%!1+8%1(!
.88+'+1.,)%/63!B%$+9+1G!,-+K!.1+!6+/6),)9+!,%!-);-!71+c&+/8K!6);/.'6!^E./(+''!
^LU"U__!./(!,+/(!,%!:)8*!&:!-);-!71+c&+/8K!/%)6+63!4+./$-)'+G!)/!6,1%/;!6-.*)/;6G!
)/6,1&D+/,6!+D5+((+(!)/!6%)'6!()(!/%,!%/'K!,+/(!,%!6+,,'+(!9+1,)8.''K!$),-)/!,-+!
6.D:'+G!5&,!.'6%!6')(+!-%1)g%/,.''K!$),-!1+6:+8,!,%!,-+)1!%1);)/.'!:%6),)%/63!Q-)6!
6')()/;!+77+8,!$)''!'+.(!,%!.!(+7%1D+(!6c&.1+!$.9+6!5+)/;!1+8%1+(+(!1.,-+1!,-./!.!
:1%:+1!6)/+!$.9+63!F6!.!1+6&',G!,-+!1+8%1(+(!.88+'+1.,)%/!)/!R);&1+!""^._!.::+.16!
,%!5+!/%)6K!./(!,-+!6-.:+!%7!6)/&6%)(.'!8K8')8!'%.()/;!1+6:%/6+!)6!()77)8&',!,%!
1+8%;/)g+3!Q-+!:1%5'+D!)6!%9+18%D+!5K!+D:'%K)/;!:1%:+1!7)',+13!F!();),.'!7)',+1!)6!
(+6);/+(!&6)/;!4FQAF@!^8%:K1);-,!Q-+!4.,-O%1*6!#/83_!8%(+G![B, A]=butter 

3HIJKL%""%ERF%,QSHMNLKLO%RZZLMLKRNHYQ%ORNR%RN%XYWHNHYQ%"%HQ%D<a%WTRVHQI%%EPF%3HMNLKLO%
RZZLMLKRNHYQ%ORNR%RN%XYWHNHYQ%"%HQ%D<a%WTRVHQI%



! "`!

(6,0.0025)3!2)9+/!.!6.D:')/;!1.,+!%7!WUUU-gG!,-+!7)',+1!$)''!7)',+1!%&,!6);/.'6!%9+1!
X-g!'+.9)/;!.!D.)/!1+6:%/6+!.,!WBg!$-)8-!)6!,-+!)/:&,!6-.*)/;!,.5'+!71+c&+/8KG!.6!
6-%$/!)/!R);&1+!"L3!R);&1+!""^5_!6-%$6!.!/+.,+1!./(!D%1+!6)/&6%)(.'>')*+!6);/.'!
.7,+1!,-+!7)',+1!$.6!.::')+(3!!

!!!!!!!!!!!!! !
3HIJKL%"#%3YJKHLK%NKRQWSYK]%KLWXYQWL%RN%XYWHNHYQ%"%HQ%DTa%WTRVHQI%SYK%ERF%JQSHMNLKLO%RZZLMLKRNHYQ%ORNR%
EPF%SHMNLKLO%RZZLMLKRNHYQ%ORNR%



! "[!

V"&?G)-%G"'B"T'K'U?$')G"G*$("K'(?-"

V,!"?W41FF"O6:1"O:1FF0:1"

J%1+!$.,+1!:1+66&1+!.88&D&'.,)%/!)6!,-+!1+.6%/!7%1!')c&+7.8,)%/!./(!,-+!
()66):.,)%/!%7!,-+!:1+66&1+!8.&6+6!6+,,'+D+/,3!2%%(!+9)(+/8+6!$+1+!6-%$/!,-.,!,-+!
:%1+!:1+66&1+!$.6!1.)6+(!(&+!,-+!6-+.1)/;3!F6!$.,+1!)6!&6+(!.6!:%1+!')c&)(G!,-+!
()66):.,)%/!/%1D.''K!7)/)6-+(!9+1K!6%%/!.7,+1!,-+!6-.*)/;3!!

V,!,!"&146:>1>"O6:1"N351:"O:1FF0:1"

R);&1+!"TG!"W!./(!"X!(+:)8,!,-+!:%1+!$.,+1!:1+66&1+!;+/+1.,+(!)/!D%(+'!7%1!L-gG!
T-g!./(!W-g!6-.*)/;!+9+/,6!1+6:+8,)9+'K3!!#/!L-g!./(!T-g!6-.*)/;6G!9+1K!6)D)'.1!
:.,,+1/!)6!%56+19+(3!!Q-+!:%1+!$.,+1!:1+66&1+!.88&D&'.,+(!&:!,%!.5%&,!"3XZ*J.!
$),-!,-+!D.C)D&D!9.'&+!.,!,-+!(++:+6,!:%6),)%/3!R%1!:%6),)%/6G!1+7+1!,%!R);&1+!"U!
)/!=+8,)%/!T3T3"3!Q-+!:%1+!:1+66&1+!()66):.,+6!(&1)/;!,-+!6-.*)/;!./(!,-+!,)D+!
,.*+/!)6!/%1D.''K!)/!,-+!1./;+!%7!X!6+8%/(63!

!
3HIJKL%"$%4YKL%^RNLK%XKLWWJKL%HQ%#<a%WTRVHQI%

0&1)/;!,-+!6,1%/;+6,!6-.*)/;!$),-!W-g!71+c&+/8KG!,-+!.88&D&'.,)%/!./(!()66):.,)%/!
)/!:%1+!:1+66&1+!)6!D%1+!%59)%&63!Q-+1+!)6!.!6);/)7)8./,!)/81+.6+!)/!:%1+!:1+66&1+!
$),-!./!&/6&1:1)6)/;!D.C)D&D!9.'&+!%7!"3ZT*J.!.;.)/!.,!,-+!(++:+6,!:%6),)%/3!Q-+!
()66):.,)%/!,)D+!)6!6');-,'K!'%/;+13!Q-)6!:-+/%D+/%/!%88&16!5+8.&6+!,-.,!,-+!6%)'!
-.6!5++/!8%D:.8,+(!(&+!,%!:1+9)%&6!6-.*)/;!'+.9)/;!6D.''+1!9%)(63!Q-&6G!D%1+!
,)D+!)6!/++(+(!7%1!$.,+1!,%!+68.:+3!!!

J%6),)%/!"!^(+:,-!hLWUDD_!

J%6),)%/!L!^(+:,-!h"WUDD_!

J%6),)%/!T!^(+:,-!hWUDD_!



! LU!

!

!

V,!,8"?22145.E1"F5:1FF"

F88%1()/;!,%!Pc&.,)%/!"!)/!=+8,)%/!"G!+77+8,)9+!6,1+66G!fG!)/!,-+!6.D:'+G!+c&.'6!

! 

" # u 3!
Q.5'+!W!6-%$6!,-+!D)/)D&D!+77+8,)9+!6,1+66G!^)3+3!$-+/!:%1+!:1+66&1+!)6!
D.C)D&D_G!.,!()77+1+/,!:%6),)%/!)/!+.8-!6-.*)/;!+9+/,3!!
!
A%8.,)%/!

! 

"!^*J._!

! 

" fL-gDG!^*J._!

! 

" fT-gDG!^*J._!

! 

" fW-gDG!^*J._!
J%6),)%/!T! U3]XT! U3T`T! U3TZ`! U3TUT!
J%6),)%/!L! L3ZTZ! "3X""! "3XUZ! "3XUZ!
J%6),)%/!"! W3X"L! L3[XL! L3[X]! L3``L!
(RPML%D%=J]]RK\%YS%]HQH]J]%LSSLZNH[L%WNKLWW%

3HIJKL%"D%4YKL%^RNLK%XKLWWJKL%HQ%$Ta%WTRVHQI%

3HIJKL%"/%4YKL%^RNLK%XKLWWJKL%HQ%DTa%WTRVHQI%

J%6),)%/!"!^(+:,-!hLWUDD_!

J%6),)%/!L!^(+:,-!h"WUDD_!

J%6),)%/!T!^(+:,-!hWUDD_!

J%6),)%/!"!^(+:,-!hLWUDD_!

J%6),)%/!L!^(+:,-!h"WUDD_!

J%6),)%/!T!^(+:,-!hWUDD_!



! L"!

E+(&8)/;!)/!+77+8,)9+!6,1+66!./(!)/81+.6+!)/!:%1+!$.,+1!:1+66&1+!.1+!%56+19+(!)/!.''!
,-+!,+6,6G!$-)8-!;)9+6!+9)(+/8+6!%/!:.1,).'!')c&+7.8,)%/3!Q-+!9.'&+!%7!+77+8,)9+!6,1+66!
(+81+.6+6!$),-!,-+!)/81+.6+!)/!(+;1++!%7!6-.*)/;3!F,!:%6),)%/!TG!/+.1+6,!,%!,-+!,%:!
%7!,-+!6%)'!8%'&D/G!+77+8,)9+!6,1+66!)6!D)/)D&D!$),-!.!9.'&+!8'%6+!,%!UG!,-&6!),!
6&77+1+(!D%6,!6+9+1+!')c&+7.8,)%/!8%D:.1)/;!,%!%,-+1!'%8.,)%/63!F88%1()/;!,%!,-+!
9)6&.'!%56+19.,)%/G!')c&+7.8,)%/!()(!%88&1!.,!6-.''%$!:%6),)%/3!Q-+!1%&;-!6&17.8+!%7!
,-+!D%(+'!)6!')c&+7)+(!./(!'+9+'+(G!.6!6-%$/!)/!R);&1+!"Z3!

!
3HIJKL%"7%0HUJLSHLO%WJKSRZL%

V,!,J"G155<1=175"

Q-+!6+,,'+D+/,!.::+.16!(&+!,%!()66):.,)%/!%7!')c&)(!)/!6.D:'+3!#,!)6!.77+8,+(!5K!
D.C)D&D!6-+.1!6,1.)/G!6%)'!(+/6),KG!+77+8,)9+!(1.)/.;+!:.,-G!+,83!@K!+C.D)/)/;!,-+!
6%)'!:1%7)'+!(&1)/;!,-+!+C:+1)D+/,6G!,-+!,%,.'!6+,,'+D+/,!)6!7%&/(!,%!5+!LDDG!TDD!
./(!`DD!.7,+1!LBgG!TBg!./(!WBg!6-.*)/;!1+6:+8,)9+'K3!
!
Q-+!6+,,'+D+/,!8./!.'6%!5+!8.'8&'.,+(!/&D+1)8.''K3!F6!.!6)D:')7)+(!D%(+'G!,-+!
6+,,'+D+/,!8./!5K!+6,)D.,+(!5K!&6)/;!.::1%C)D.,+!:.1.5%')8!)6%8-1%/+6!)/!%/+>
()D+/6)%/.'!8%/6%')(.,)%/3!F66&D+!,-.,!,-+!(1.)/.;+!:.,-!)6!$),-!,-+!(+:,-!%7!,-+!
6%)'!6.D:'+!)/!&:$.1(!()1+8,)%/!%/'K3!Q-+!&',)D.,+!6+,,'+D+/,G!$G!8./!5+!8.'8&'.,+(!
5K!Pc&.,)%/!"L3!

! 

" = mv (#u $ u )dz =
(#u $ u )

E0
%% dz

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2UJRNHYQ%"#%

$-+1+G!PU!h!8%D:1+66)%/!D%(&'&6G!

./(!

! 

E0 =
v"'
#
G!$-+1+!9h6:+8)7)8!9%'&D+G!%h;1.()+/,!%7!/%1D.'!8%/6%')(.,+(!')/+3!

!



! LL!

F6!,-+1+!)6!/%!+C:+1)D+/,.'!(.,.!%7!%!.9.)'.5'+!7%1!B%6,&/!6./(G!.!9.'&+!7%1!U3U]W!
^I&*'k*!^LU""__!)6!6+'+8,+(!7%1!+6,)D.,)%/!:&1:%6+3!Q-+!6.D:'+!)6!1%&;-'K!()9)(+(!
)/,%!T!'.K+16!./(!)/,+;1.,+(!,%!;)9+!.!:1+()8,+(!9.'&+!%7!&',)D.,+!6+,,'+D+/,!.7,+1!
W-g!6-.*)/;3!Q-+!9.'&+!)6!8.'8&'.,+(!,%!5+!X3]DD!5K!,-)6!D+,-%(3!#,!1%&;-'K!.;1++6!
$),-!9)6&.'!%56+19.,)%/!%7!`DD!^.6!6-%$/!)/!R);&1+!"]_3!F!D%1+!:1+8)6+!:1+()8,)%/!
8./!5+!.8-)+9+(!5K!7)/()/;!.8,&.'!9.'&+!%7!%!7%1!B%6,&/!6./(!$),-!./!,1)>.C).'!
8%D:1+66)%/!,+6,3!

!!!!!!!!!!!!!!!!!!!!! !
3HIJKL%"G%=YHM%XKYSHML%ERF%PLSYKL%NLWNW%EPF%RSNLK%D<a%WTRVHQI%

Q%*)D.,6&!+,!.'!^"[`]_!:1%:%6+(!.!8-.1,!%7!6)D:')7)+(!1+'.,)%/6-):!5+,$++/!8K8')8!

6,1+66!1.,)%/G^

! 

"av
# '
_G!1+'.,)9+!(+/6),K!./(!9%'&D+,1)8!6,1.)/!7%1!6.,&1.,+(!6./(3!Q-+!

:1%:%6+(!8-.1,!)6!6-%$/!)/!R);&1+!ZG!=+8,)%/!L3L3!@K!&6)/;!,-)6!8-.1,G!$),-!

! 

"av = 0.25kPa G!

! 

"'= # 'h = 9.3 $ 0.24 = 2.3kPaG!

! 

ID = 42%G!,-+!9%'&D+,1)8!6,1.)/!)6!
7%&/(!,%!5+!TiG!;)9)/;!.!6+,,'+D+/,!%7!"U3]DD3!!

V,8"GD13:"N3E1"E1<64.5C""

V,8,!"GD13:"N3E1"E1<64.5C"O:.6:"56"FD3H.7I"

J1)%1!,%!6,1%/;!6-.*)/;!,+6,6G!,-+!.)1!-.DD+1!$.6!7)1+(!,%!)/9+6,);.,+!,-+!6D.''!
6,1.)/!6-+.1!D%(&'&63!Q-+!.)1!-.DD+1!$.6!:'.8+(!/+.1!,-+!5%,,%D!%7!,-+!8%/,.)/+1!
./(!,-+!6-+.1!$.9+!;+/+1.,+(!$%&'(!:1%:.;.,+!&:$.1(63!F6!,-+!6-+.1!$.9+!
:1%:.;.,+6G!(.,.!1+8%1(+(!5K!,-+!.88+'+1%D+,+16G!$-)8-!.1+!7&1,-+1!.$.K!71%D!,-+!
6-+.1!$.9+!;+/+1.,%1G!$)''!-.9+!.!1+(&8,)%/!)/!.D:'),&(+!./(!.!:-.6+!6-)7,!
8%D:.1)/;!,%!.(<.8+/,!)/6,1&D+/,63!=-+.1!$.9+!9+'%8),K!,-&6!8./!5+!8.'8&'.,+(!
&6)/;!,-+!;)9+/!6+:.1.,)%/!()6,./8+!5+,$++/!)/6,1&D+/,6!./(!,-+!:-.6+!6-)7,3!@%,-!



! LT!

()1+8,!.11)9.'!D+,-%(!./(!81%66!8%11+'.,)%/!D+,-%(!^&6)/;!4FQAF@!8%(+G!xcorrG!
)6!&6+(!7%1!7)/()/;!,-+!'.;!,)D+3!F/!+C.D:'+!)6!6-%$/!5+'%$3!!

!
%%%%%%%%%%%%%%%%%3HIJKL%":%)LZYKOLO%RZZLMLKRNHYQ%^TLQ%YQM\%RHK%TR]]LK%HW%SHKLO%

R);&1+!"`!6-%$6!:1+6+/,+(!,-+!1+6&',!1+8%1(+(!5K!F88+'+1%D+,+1!"!./(!LG!,-+!
'%$+6,!:.)1!%7!.88+'+1%D+,+16!$),-!"UUDD!.:.1,3!Q-+!()6,)/8,!:&'6+6!6-%$/!)/!,-+!
7);&1+!8%11+6:%/(6!,%!6,1%*+6!%7!,-+!.)1!-.DD+13!!R);&1+!"[!:1+6+/,6!.!8'%6+!&:!,%!
%/+!%7!,-+!:&'6+63!Q$%!6)D)'.1!$.9+7%1D6!$),-!%/+!'.;;+(!,-+!%,-+1!.1+!8'+.1'K!
)''&6,1.,+(3!Q-+!,1.9+'!,)D+!()77+1+/8+6!5+,$++/!,-+!.11)9.'6!%7!6-+.1!$.9+6!.,!,-+!
,$%!.88+'+1%D+,+16!8./!5+!7%&/(!5K!+C.D)/)/;!,-+!()77+1+/8+!)/!C>.C)6!5+,$++/!
,-+!:+.*6!%7!,-+!,$%!6);/.'63!B+/8+G!!

!
Q-+!6-+.1!$.9+!9+'%8),K!)6!+6,)D.,+(!5KG!
!
!
#/),).'!6-+.1!D%(&'&6G!2D.CG!8./!,-+1+7%1+!5+!8.'8&'.,+(!&6)/;!Pc&.,)%/!Z!(+681)5+(!
)/!=+8,)%/!L3T3"3!!

!

! 

time = 0.0012s

! 

Gmax =Vs
2" = 83.32 #1525 =10.6MPa

! 

Vs =
d
time

=
0.1

0.0012
= 83.3m /s



! LW!

!
!
N/!,-+!%,-+1!-./(G!,-+!6-+.1!D%(&'&6!8./!5+!8.'8&'.,+(!/&D+1)8.''K!.88%1()/;!,%!
B.1()/!./(!01/+9)8-!^"[]L_G!Pc&.,)%/!X3!
G!!
!
!
$-+1+!IU!h!8%+77)8)+/,!%7!+.1,-!:1+66&1+!.,!1+6,!  !
!

!

!
!
!
?%D:.1)/;!,%!+C:+1)D+/,.'!1+6&',G!,-+1+!)6!.!LTi!()77+1+/8+!5+,$++/!,-+!1+6&',6!
71%D!,-+6+!,$%!D+,-%(63!Q-+!6');-,!()77+1+/8+!D.K!.1)6+!71%D!,-+!+6,)D.,)%/!%7!
6-+.1!$.9+!9+'%8),K!(&+!,%!,-+!6.D:')/;!1.,+3!Q-+!D+,-%(!)6!/%,!:1+8)6+!+/%&;-!7%1!
(+,+1D)/.,)%/!%7!8%11+8,!6-+.1!$.9+!.11)9.'!,)D+3!F8,&.''KG!2-%6-!^LUUW_!;)9+6!
7);&1+6!%/!i!+11%1!)/!,-+!D+.6&1+D+/,!%7!6-+.1!$.9+!9+'%8),)+6!)/!,+1D6!%7!
.88+'+1%D+,+1!()6,./8+!./(!6.D:')/;!1.,+3!#/!,-)6!,+6,G!,-+!()6,./8+!5+,$++/!
.88+'+1%D+,+16!)6!"UUDD!./(!,-+!6.D:')/;!)6!WUUU-g3!Q-&6G!,-+!+11%1!$)''!5+!D%1+!
,-./!"Ui3!R1%D!2-%6-!^LUUW_!),!.'6%!8./!5+!6++/!,-.,!,-+!5K!)/81+.6)/;!,-+!(.,.!
.8c&)6),)%/!1.,+G!,-+!+11%16!.66%8).,+(!8./!5+!1+(&8+(3!

! 

"1# sin$

3HIJKL%"@%.MYWLCJX%NY%YQL%XJMWL%

! 

Gmax =100
(3 " e)2

1+ e
p' =100

(3 " e)2

(1+ e)
1+ 2K0

3
#'v

! 

"'v = # 'h =
Gs

1+ e
$ # wh =

2.65
1+ 0.74

$ 9.81$103 $ 0.24 = 0.003MPa

! 

Gmax =100
(3 " 0.74)2

1+ 0.74
1+ 2 # (1" sin35)

3
# 0.003 =13.8MPa



! LX!

V,8,8"GD13:"N3E1"E1<64.5C"4D37I1">01"56"FD3H.7I"
0&1)/;!,-+!6-.*)/;!,.5'+!,+6,6G!,-+!:%1+!:1+66&1+!.88&D&'.,+(!)/!,-+!9%)(6!6%7,+/6!
,-+!6%)'3!Q-&6!),!5+8%D+6!D%1+!()77)8&',!7%1!6%)'!,%!:)8*!&:!6-+.1!$.9+3!Q-+!6-+.1!
$.9+!9+'%8),K!$)''!(+81+.6+!(&+!,%!,-)6!+77+8,3!R);&1+!LUG!L"!./(!LL!)''&6,1.,+!,K:)8.'!
8-./;+!)/!6-+.1!$.9+!9+'%8),K!:1)%1G!(&1)/;!./(!:%6,!6-.*)/;3!Q-+!9.'&+!)6!
8.'8&'.,+(!5K!7)/()/;!,-+!'.;!,)D+!7%1!+.8-!'%.()/;!8K8'+!)/!.!6)D)'.1!D.//+1!
(+681)5+(!)/!=+8,)%/!W3L3"3!4FQAF@!^8%:K1);-,!Q-+!4.,-O%1*6!#/83_!8%(+!7%1!81%66!
8%11+'.,)%/G!xcorrG!)6!&6+(!,%!;)9+!.!D%1+!:1+8)6+!9.'&+!)/!,-)6!8.6+3!
!

!
3HIJKL%#A%=TLRK%^R[L%[LMYZHN\%ZTRQIL%HQ%#<a%WTRVHQI%

#,!8./!5+!6++/!,-.,!,-+!6-+.1!$.9+!9+'%8),K!(+;1.(+(!6);/)7)8./,'K!(&1)/;!6-.*)/;!
./(!.::+.16!,%!)/81+.6+!.6!,-+!:%1+!:1+66&1+!)6!()66):.,)/;3!R1%D!R);&1+!LU!./(!L"G!
R%1!1+'.,)9+!$+.*!6-.*)/;!$),-!71+c&+/8K!L-g!./(!T-gG!.6!%/'K!6D.''!+C8+66!:%1+!
:1+66&1+!)6!;+/+1.,+(G!,-+!6%)'!()(!/%,!6%7,+/!,%%!D&8-!8%D:.1)/;!,%!W-g!6-.*)/;G!
R);&1+!LL3!#,!6-%&'(!5+!/%,+(!,-.,G!5+7%1+!,-+!.8,&.'!6-.*)/;!,%%*!:'.8+G!6-.*)/;!
,.5'+!D%,%1!6,.1,+(!,%!1&//)/;!./(!:1%(&8+(!6D.''!8K8')8!9)51.,)%/!)/!,-+!D%(+'3!
#,6!+77+8,!)6!/%,!6);/)7)8./,!)/!L-g!6-.*)/;!5&,!/%,)8+.5'+!)/!TBg!./(!WBg!6-.*)/;G!
:1%5.5'K!5+8.&6+!,-+!9)51.,)%/!)6!6,1%/;+1!)/!TBg!./(!WBg!6-.*)/;!+9+/,63!!
Q-+!6-+.1!$.9+!9+'%8),K!)6!*+:,!.5%9+!LUDj6!(&1)/;!,-+!6-.*)/;!$-)'+!,-+!9.'&+!)6!
8'%6+!,%!"UDj6!)/!6,1%/;!6-.*)/;3!F7,+1!6-.*+6G!6-+.1!9+'%8),K!)/!$+.*!6-.*)/;6!
D./.;+(!,%!1+8%9+1!,-+!6-+.1!$.9+!9+'%8),K!./(!1%&;-'K!1+.8-+(!),6!)/),).'!9.'&+!
$),-!.!6,++:!;1.()+/,3!B%$+9+1G!)/!WBg!6-.*)/;!$),-!D%1+!+C8+66!:%1+!:1+66&1+G!),!
,.*+6!'%/;+1!7%1!6-+.1!$.9+!,%!1+8%9+1!./(!,-+!7)/.'!6-+.1!$.9+!9+'%8),K!%/'K!



! LZ!

1+.8-+6!,%!ZU>]Ui!%7!,-+!9.'&+!5+7%1+!6-.*)/;3!Q-+!'%$+1!:%6,!6-.*)/;!6-+.1!$.9+!
9+'%8),K!D.K!5+!8.&6+(!(&+!,%!,-+!8-./;+!)/!(+/6),K!%7!6%)'6!&/(+1!8K8')8!'%.()/;3!!
F6!6-+.1!$.9+!9+'%8),K!)6!-);-'K!.66%8).,+(!$),-!6D.''!6,1.)/!D%(&'&6G!^)3+3!:1)%1!%1!
:%6,!6-.*)/;_G!),!8./!5+!:1+()8,+(!,-.,!6-+.1!D%(&'&6!$)''!1+8%9+1!,%!D.,8-!),6!
)/),).'!9.'&+!.7,+1!,-)6!$+.*!6-.*)/;!+9+/,G!5&,!/%,!6%!D&8-!)/!6,1%/;!6-.*)/;!+9+/,!
$-)8-!$)''!5+!()68&66+(!)/!=+8,)%/!X3T3!
!

!
3HIJKL%#"%=TLRK%^R[L%[LMYZHN\%ZTRQIL%HQ%$<a%WTRVHQI%

!

!
3HIJKL%##%=TLRK%^R[L%[LMYZHN\%ZTRQIL%HQ%D<a%WTRVHQI%



! L]!

V,J"G6.<"F5.2271FF">1I:3>35.67"

V,J,!"G5:1FFMF5:3.7"<66O"

0&1)/;!(K/.D)8!+9+/,6G!8%/,)/&%&6!D%/),%1)/;!6,)77/+66!%7!6%)'!)6!/+8+66.1K!./(!
)D:%1,./,!,%!:1+()8,!,-+!6%)'!5+-.9)%&13!F!4FQAF@!^8%:K1);-,!Q-+!4.,-$%1*6!
#/83_!8%(+!)6!&6+(!,%!(1.$!6,1+66>6,1.)/!'%%:!(&1)/;!,-+!6-.*)/;3!Q-+!8%(+!)6!$1),,+/!
5.6+(!%/!,-+!,-+%1K!(+681)5+(!)/!=+8,)%/!L3T3L3!R);&1+!LTG!LW!./(!LX!5+'%$!6-%$!
,-+!6,1+66>6,1.)/!'%%:6!.,!L6G!X6G!./(!"U6!7%1!LBgG!TBgG!./(!WBg!6-.*)/;!
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'.1;+!6,1.)/!D%(&'&6G!"0!6-+.1!5+.D!+c&.,)%/!)6!D%()7)+(!,%!7)/(!6,1+66!./(!6,1.)/3!
=-+.1!D%(&'&6!8./!5+!7%&/(!5K!$%1*)/;!%&,!,-+!6'%:+!%7!6-+.1!6,1.)/!'%%:3!#,!)6!
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"L!!!I&*'k*G!J.9+'3!mJ1+8%/6%')(.,)%/G!6,1&8,&1.'!6,1+/;,-!%7!6%)'G!./(!),6!+77+8,!%/!
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